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Abstract. Embeddings of word structures into matrix semigroups pro-
vide a natural bridge between combinatorics on words and linear algebra.
However, low-dimensional matrix semigroups impose strong structural
restrictions on possible embeddings. Certain finitely generated groups
admit faithful representations in SL(2, C) and other similar matrix groups.
On the other hand, it is known that the product of two free semigroups
on two generators cannot be embedded into 2 x 2 complex matrices. In
this paper we study embeddings of word structures into low-dimensional
matrix semigroups over the complex numbers and develop new techniques
for constructing word representations of the Euclidean Bianchi groups.
These representations provide a symbolic framework and a natural first
step towards analysing fundamental decision problems in 2 X 2 matrix
semigroups.

1 Introduction

Matrix products are one of the most fundamental operations in mathematics.
Originally introduced as a compact way to represent and solve systems of linear
equations, matrix products later came to play an essential role in many fields,
with applications ranging from engineering and control theory to modern data
science and large-scale information systems such as search ranking algorithms.

The study of embeddings of word structures into matrices connects combi-
natorics on words with linear algebra. By representing words or generators as
matrices, questions about concatenation of words and computational models oper-
ating on words can be translated into questions about matrix multiplication. Thus
solutions to problems in combinatorics on words and formal language theory can
employ algebraic and analytic tools from matrix theory. Moreover, embeddings
into integer or complex matrices provide a concrete and well-understood algebraic
framework in which structural properties of word semigroups and groups can be
analysed, while also enabling the transfer of results between the theory of words
and the theory of matrix semigroups.

Consider that it is not always possible to embed word structures within certain
matrix classes or dimensions. This observation clarifies the expressive power of
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small matrix semigroups, showing that some algebraic structures generated by
words cannot be faithfully represented in restricted matrix domains. Further, it
helps determine which techniques from linear algebra can be applied to word
problems, and which problems require different approaches.

The origins of the connection between combinatorial group theory and linear
representations go back to the work of Nielsen in the 1920s on free groups
[22]. These techniques provided an early structural understanding of free groups
and later influenced approaches to representing group elements by algebraic
objects. Later Magnus showed that free groups admit faithful representations
into groups of matrices over certain rings of formal power series. Interest in
such embeddings grew further with the development of algorithmic problems in
algebra and theoretical computer science, when researchers began investigating
whether problems concerning words and formal languages could be translated
into algebraic problems involving matrices and vice versa [7,8,11,20,24,25].

Recent work has also highlighted the importance of decision problems for
matrix semigroups over complex numbers. In particular, the first decidability
results for the identity and group problems in the complex Heisenberg group
H(3,C) demonstrate that matrix semigroups with non-trivial structural con-
straints require new number theoretical techniques [3] and new group theoretic
techniques for algorithmic analysis [12]. At the same time, many fundamental
questions for low-dimensional matrices over the complex numbers remain open.
A central example concerns embeddings of word semigroups into 2 X 2 complex
matrices. It is known that there exists no injective semigroup morphism from a
pair of words over an alphabet with at least two symbols into C?*2 [7]. On the
other hand, deciding whether a finitely generated torsion-free group embeds in
SL(2,C) (see [5]) has deep connections to questions in geometric group theory.
These results indicate that the expressive power of 2 X 2 complex matrices lies at
a delicate boundary—while they allow rich algebraic representations, they also
impose strong structural limitations on possible embeddings.

B [S(Z) S(X2) F(Zy) F(X)

{e} ? ? ? U((erI‘i(ljr)nré)Z 1
ow ] |
S(%s) C2*2[7], SL(3,Z)[20] 077 (Prop. 16) |Z>*® (Prop. 16)
F(2) 7 077 (Prop. 16)
F(Xy) Z2%3]20]

Table 1. The state of the art for the non-existence of embeddings from pairs of words
into different matrix semigroups. Entries in red are new to the present paper.
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This paper explores the boundary between combinatorics on words and
matrix semigroups, aiming to characterise which word structures admit faithful
low-dimensional matrix representations over complex numbers and develops
new techniques to find word representations for the Euclidean Bianchi groups
(Theorem 4), an essential first step to study fundamental decision problems
in matrix semigroups within their symbolic representations, like membership,
freeness, and vector reachability in 2 X 2 matrix semigroups. Table 1 summarises
non-existence results for embeddings in different settings, where S(X) and S(X5)
denote free semigroups over unary and binary alphabets, while F(X;) and F(X5)
denote free groups over unary and binary group alphabets. The entries are read
as “column” x “row”. The grey background indicates symmetrical cases that do
not require consideration, e.g., S(X3) x S(X1) = S(X) x S(Xs3). Table 3 details
existing embeddings and can be found in the appendix.

2 Preliminaries

2.1 Words, semigroups, and groups

Given an alphabet ¥ = {ay,as,...,a,}, a finite word u is a finite sequence of
letters, u = ujus - - - u,, where u; € X. We denote the set of all finite words
over X by S(X). Note, that we do not use the usual notation of X* to simplify
our notation. The empty word is denoted by €. The length of a finite word
is denoted by |u] and |e| = 0. Consider X' as a generating set of a free group
F(X). The free group contains both the letters a; as well as their inverses ai_l.
Naturally, am;l = a;lai = ¢. The elements of F(X') are all reduced words over
Y, i.e., words not containing am;l or a;lai as a subword. In this context, we call
X a finite group alphabet, i.e., an alphabet with an involution. The multiplication
of two elements (reduced words) u,v € F(X') corresponds to the unique reduced
word of the concatenation uv.

Let ¢ be a mapping from S(X) into K"*™, where K =N, Z,Q,C,...and n > 1.
That is, a mapping of semigroup words into n-by-n matrices with elements from
K. We say that ¢ is an injective morphism or an embedding if ¢(u)e(v) = p(uv)
for every u,v € S(X) and if ¢(u) = p(v) implies that © = v. We define group
embeddings over free group F(X) analogously.

The following proposition is folklore. It allows us to focus on small alphabets,
namely unary or binary alphabets, in our subsequent results.

Proposition 1. Let Xy = {ai1,a2,...,ar} be an alphabet, defined for any k > 2.
If there exists an embedding o : S(Xq) — F"*™, then there exists an embedding
o :S(Xy) = F™*" for any k > 2. If there exists a group embedding o : F(X3) —
Fr*n then there exists a group embedding o : F(Xy) — F™*™ for any k > 2.

2.2 Integer rings, Euclidean domains, and quadratic fields

We shall assume some familiarity with concepts from algebraic number theory
(cf. [27]). We refer the reader to the background material on properties of certain
imaginary quadratic fields to Appendix A.



4 P.C. Bell et al.

Let Q denote the field of algebraic numbers. Recall that a number is algebraic
if it is the root of a non-zero polynomial p € Z[z] with integer coefficients. Further,
a number is an algebraic integer if it is the root of a non-zero monic polynomial
p € Z[x]. We can effectively represent and compute algebraic numbers [9].

An integral domain is a non-zero commutative ring such that the product of
any two non-zero elements is itself non-zero. An integral domain E is Euclidean
(or a Buclidean domain) if there exists a non-negative integer valued function g
defined on the non-zero elements of E such that for every z,y € E'\ {0},

= g(zy) = g(x);
— if x,y € F and y # 0. The there exist ¢, € E with a = gb 4+ r and either
r=0or g(r) < g(b).

A function g with such properties is a Fuclidean function [13,17].

The group of units R* of a ring R is the subset of elements that possess a
multiplicative inverse element in the ring. Two elements a,b € R of an integral
domain are associates if there exists a unit u € R such that a = bu.

Recall that a number field K is quadratic (or a quadratic field) if there is a
square-free integer —d € Z such that K = Q(v/—d). If, in addition, d € N, then
the field Q(v/—d) is an imaginary quadratic field. In the work that follows, we
denote by Oy the ring of algebraic integers in Q(v/—d). For d € Z square-free,
the quadratic field Q(v/—d) admits a field norm N: Q(v/d) — Q [27]. This norm
is multiplicative, so that N(a8) = N(a)N(f), for algebraic integers @ we have
N(a) € Z, and for imaginary quadratic fields we have N(a) = |a|?. For the ring
of algebraic integers in a number field, the units are precisely those integers u for
which N(u) = 1.

The next result precisely characterises that imaginary quadratic fields Q(v/—d)
whose integer rings O, are Euclidean domains.

Lemma 2 ([18, Proposition 8.9]). The ring of integers Oq4 for the imaginary
quadratic field Q(v/—d) is a Euclidean domain if and only if d € {1,2,3,7,11}.
For each such d, the field norm on Q(v/'—d) is Euclidean.

2.3 Matrix groups

We shall assume some familiarity with (semi)groups of square matrices such as
GL(2,R) = {M € R**? : det(M) € R*}, the General Linear group of 2 x 2
matrices with entries in the ring R whose inverses also have entries in the ring
R, the Special Linear group SL(2, R) = {M € GL(2, R) : det(M) = 1}, and the
quotient group SL(2, R)/{£1Id2} =: PSL(2, R) called the Projective Special Linear
group. We are interested in the related Euclidean Bianchi groups PSL(2, O,) with
d=1,2,3,7,11.

Recall that among the imaginary quadratic number rings, only O1, Oz, O3, Oz,
and O1; are Euclidean domains (Lemma 2). In the literature O; = Z[i] and so
PSL(2,0;) (= PSL(2,Z[i])) is the Picard group [14].
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Theorem 3 ([15, Theorem 4.3.1]). The Euclidean Bianchi groups admit the
following presentations:

PSL(2,0:) = (a,l,t,u | a® = (* = (al)? = (t0)?
= (ul)?® = (at)® = (ual)® = [t,u] =€),

PSL(2,0;) = (a,t,u | a* = (at)® = (v aua)? = [t,u] = &),
PSL(2,03) = (a,4,t,u | a* = (at)® = 3 = (al)? = (ual)® = [t,u] =€),
PSL(2,07) = (a,t,u | a* = (at)® = (v 'auat)® = [t,u] =), and
PSL(2,011) = (a,t,u | a® = (at)® = (u"'auat)® = [t,u] = ¢).

The notation [t,u] ==t~ u~'tu is the commutator element. The relation [t,u] =

indicates that t and u commute, i.e., tu = ut.

3 Word Representation Procedure

By definition, we associate to each element m € PSL(2, R) a set {M,—M} of
two matrices in SL(2, R). Henceforth we employ a slight abuse of notation and
write m = + M, or choose either matrix M or —M to represent m. Intuitively,
one can take PSL(2, R) as SL(2, R) by ignoring the sign. The matrices associated
to each of the generators a, ¢, u, and ¢ in Theorem 3 are:

0—1 11 1w
=070 =) 767

i 0\ .
<O —i) if d=1, and

2 .
(LB 2) ifszwherewz—%—i—@.

and

L =

In the above, the top-right entry of U depends on the specific matrix group
PSL(2,0,4). We give further details in Appendix A.

The following theorem generalises the procedure in [2, Lemma 3.1] that
generates word representations for elements of PSL(2,Z).

Theorem 4. There is a procedure that, given an element M in o Fuclidean
Bianchi group PSL(2, Oy), outputs a word representation for M of the form

(LETPOU ) ATPR UM ATPF1U%1 ... ATP U if d € {1,3}, and
(TPOU)ATPH U% ATPR=1 %=1 ... ATPUT if d € {2,7,11}.

Let ||[M|| = maxi<; j<2 |M;;|>. Here € € {0,1,2}, the exponent pairs pe,q € Z
each satisfy |pe + quw|®> < ||M||, and k < 1 — log,.a) [|M|| where k(d) is the
Euclidean minimum of O4 (see Appendiz A). Moreover, this procedure runs in
time polynomial in —log, gy | M.
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Proof. For the ease of presentation, we give the procedure for elements of the
Picard group PSL(2,Z[i]) here and relegate the analogous arguments for the
remaining Euclidean Bianchi groups to the appendix (Appendix B). There are
two parts to our proof: the construction of the word representation and the
polynomial runtime.

Construction of the word representation. Suppose that M = (35 €

PSL(2,Z[i]). Our first step is to construct an element H € PSL(2,Z[i]) such that
M H is upper-triangular (thus reducing the representation problem to that of
representing an upper-triangular element). The second step constructs the word
representation of an upper-triangular element.

We begin with the first step. In the case that v = 0, we choose H = Id,.
We continue under the assumption that v # 0. We claim that there is an

H; € PSL(2,Z[i]) such that MH; = (al B‘) where N(vy1) < N(v). (Here

71 61
N is the field norm on Q(i).) Since Z[i] equipped with the field norm N is a
Euclidean domain, we can write 6 = —61y + v with 61,71 € Z[i] such that

N(v1) = N(617+9) < N(v). Let us write §; = —p; — 11 € Z[i] in terms of the
integral basis {1,i}, then

coirra g (B (11T 11" 01
o= (5 6) () ()
_faba+ B (0-1\ [(Oia+S—a) (o1
N (7 9w+6> <1 0) B <9w+5 —7) B <71 61>'
Since N(y1) < N(7), the element H; := UP1T~% A has the claimed properties.

We loop the above construction in order to generate a sequence of matrices
of the form M H;y --- Hy. Let -, be the bottom-left entry of matrix M Hy --- Hy.
We repeat this process until we obtain a matrix M H; - -- Hy, that satisfies the
condition v, = 0.

The following observations guarantee that the above process both terminates
and does so correctly. First, N(7¢) = |y¢|> € Zx for each £ since v, € Z[i]. Second,
the sequence of these norms is strictly decreasing (and so N(vyp41) < N(ye) — 1
for 1 < ¢ <k —1). Hence there exists k € N such that N(v;) = 0, from which

we deduce that v, = 0. Thus we have constructed an element Hy --- Hy, =t H €
PSL(2, Z][i]) such that M H is upper-triangular. For our second step, consider

(o B\ _. (po
MH_(O 5k)_' <0'r)

with p,o,7 € Z[i]. Since 1 = det(MH) = pr, we deduce that p,7 € Z[i|* =
{£1,+i} and, moreover, 7 = 7~ = p. The possible pairs (p, 7) ensure that

i 0\ (1o 0\ 1\ (1IN s
=5 5) (67)= (0 5) (1) (6:) -

for some € € {0,1} and o’ = pg + qoi € Z[i] (an associate of o).
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Taken together, these two procedural steps construct representations for
elements H € PSL(2,Z[i]) and LTP°U% for which M = L¢TPoU% H~!. Using
the above products, we can output a word representation of the desired form for
a given M.

Polynomial runtime. It is useful to introduce the following notations. For
1 < ¢ <k, we shall write

Opcp—1 + Bo—1 —ap— ayp Be
My=MH,---Hy = = . 1
¢ ! ¢ (9471—1 + 001 —Ye-1 Ye 0¢ S

The update matrix M, is obtained by performing a Euclidean division in the
Gaussian integers O = Z[i]. Recall that a division a = ¢gb + r in the Gaussian
integers satisfies N(r) < N(b) where N is the associated field norm. In fact,
working in Z[i] we have the tighter upper bound N(r) < N (b) since 3 is the
Euclidean minimum of Z[i]. We give further background on Euclidean minima in
Appendix A.

For ¢ < k, repeated application of the Euclidean minimum gives

1< N(v) <iN(yo1) < < 25 N(n) < £N() = £ < LM

Taking logarithms, we find the upper bound log, || M|| > ¢, from which the desired
inequality 1+ log, | M|| > k follows.

We now exhibit bounds on the matrix norms (|| M;||)%_,. The determinant
condition on M, tells us that

agdy — Beve = — (01 + Be—1)ve—1 + (Oeve—1 + 60—1)ap—1
= —(Opag—1 + Br-1)ve—1 + o1 = 1.

For ¢/ — 1 < k, we have that v,—; # 0 and so

N(ye)N(ae-1) ! .
Noe) Ny S 2N 1 @)

Here the rightmost inequality follows from the division —dp_1 = @pys—1 + Ve-
We make the following claim.

Claim 5. For My_y and M, in PSL(2,Z[i]) as above, we necessarily have that
[[M|| < [ M- |-

All that remains is to bound the sizes of the integer exponents in the word
representation. For ¢ < k, we bound the quotients 8, :== —p, — q,i as follows,

dp—1 +

[pel? + lae|* = N(6e) = N(Z - W)
Ye-1

N(7e)

< N(é‘l*l) + m

<Myl + 5 < [IM]| + 5.
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Since N(6,), ||[M]| € Z, we have N(6,) < ||[M|| and so |p¢|?,|qe|* < || M]]. Observe
that the rightmost inequality follows from Claim 5. We consider the matrix M H
in order to bound py and gy. Once again, it is clear that
pol?s lgol* < Jof? < | max (MH)i|* = || M| < [|M].
<i,j<2
The above observations bound the number of iterations in the initial looping
procedure as well as the sizes of the exponents in the word representation. Taken

together with standard results on the division algorithm, we obtain the stated
polynomial runtime. a

Proof (Proof of Claim 5). By (1), we have |3¢|?,|6¢|%, |v¢|* < |[M¢—1]]. Thus
| Me|| < ||My_1|| unless |c|? > || My_1]|. Let us assume, for a contradiction, that
lcg|? > || My_1]|- By (2), it follows that

1
1M1l < [IMell = N(ew) < 5N (ag-1) +1 < 5l[Me—s] +1,

DO =

and so we deduce that ||M,_1|| < 2. Thus (My_1);; € {0, %1, £i} for each (i, j).

We first argue that it is not possible that each entry of M,_; is non-zero;
for otherwise, each entry is a unit and the determinant condition ay_1d,_1 —
Be—17e—1 = 1 is not satisfied by any tuple of units in Z[i]*. The determinant
condition also ensures that My 1 # Oax2. Thus M, _; takes one of the following

forms
0 Be-1 0 B a1 0 or @1 B
Ye—100-1)  \Ye—1 O )7 \ve—160-1)" Ye-1 0
where an entry not denoted by 0 is a unit (i.e., in {£1,+i} = Z[i]*). In the
first two forms, where ay_1 = 0, it is clear that the update (1) ensures that
|ae|? = |Be—1|> > 0 and so the required inequality trivially holds. Likewise, the

inequality holds for the third form since, by the update (1), |ay|? = |ap_1[?. All
that remains is to treat the fourth form. The update to the fourth form gives

(:ﬁ gf) = (5‘0’1 :?;f:;) because 0 = 0py,—1 + ¢ = 0py¢—1 implies that 6, = 0.

Thus |ay|? = |Be—1|> = 1 = |ay—1|?. We conclude that the required inequality
holds. O

As seen in [2], a procedure that generates a word representation of an element
in PSL(2,Z) implies a procedures that generates the word representation of an
element in SL(2,7Z). In a similar vein, we have the following corollary.

Corollary 6. For each of the groups SL(2,O4) with d € {1,2,3,7,11}, there is
a procedure that, given an element M € SL(2,04) outputs a word representation
for M in terms of the generators of SL(2,Oy).

4 Word Embeddings into Triangular Matrix Groups

Let us consider two known group embeddings from the literature (cf. [4,7]).
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Proposition 7. Let Xy = {a,b}. Then ¢ : F(X3) — Z**? defined by
12 10
w@= (7). w=(39)

Proposition 8. Let Xy = {a,b}. Then ¢ : F(X3) — C?*2 defined by

)

Observe that the two embeddings presented in Propositions 7 and 8 use all
four entries of a two-by-two matrix. We show that there is no such embedding
into upper triangular matrices of any dimension.

is an embedding.

Tl Ul

is an embedding.

Theorem 9. There does not exist an embedding o : F(X9) — U(C,n) for any n.

Let G be a group. The lower central series G = 1G> G > - > G > - -
is a sequence of subgroups of G whereby v1G = G and v;11G = [vxG, G]. We
recognise 12G = [G, G] as the commutator or derived subgroup of G. The structure
of the lower central series of free groups is discussed in [16,22]. A group G is
nilpotent if there is a k > 1 for which v4(G) = {1}.

Proposition 10. There is no embedding of F(X3) into a nilpotent group.

Proof. Let G be a nilpotent group. Suppose, for a contradiction, there exists an
embedding ¢: F(Xy) — G.

Since F(X5) is not nilpotent, for each k£ > 1 there is a non-trivial x €
Y, (F(X2)). Additionally, as ¢ is a homomorphism it commutes with the commu-
tator brackets (i.e., ¢([g, h]) = [¢(g), ¢(h)] for all g, h € F(X53)). Thus it is clear
that ¢(x) € 1,(G). We have arrived at a contradiction. As G is nilpotent, there
is a k > 1 and non-trivial element = € ~,(F(X2)) such that ¢(x) = 1, which
contradicts the injectivity of the embedding. a

For n > 1, the group of n x n upper unitriangular matrices UT(n,C) is
nilpotent. Thus the following corollary is immediate.

Corollary 11. Forn > 1, There is no embedding of F(Xs) into UT(n,C).

A group G is nilpotent-by-abelian if 1) G possesses a normal subgroup N that
is nilpotent and ii) the quotient group G/N is abelian. Lemma 12 is well known
(cf. [26, Theorem 2.23]) and Corollary 13 follows immediately.

Lemma 12. The commutator subgroup v2G of a group G is a normal subgroup.
Suppose that N 4G is a normal subgroup of G. Then G/N is abelian if and only
if v2G C N. Further, G/v2G is abelian.
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Corollary 13. If G is nilpotent-by-abelian, then v2G = [G, G] is nilpotent.
Proposition 14 generalises the result in Proposition 10.

Proposition 14. There is no embedding of F(Xs) into a nilpotent-by-abelian
group.

Proof. Let G be a nilpotent-by-abelian group. We suppose, for a contradiction,
that there exists an embedding ¢: F(X3) — G.

Recall that [F(Xs), F(X9)] is a free group of infinite rank (cf. [26, Theorem
11.48]). Since [F(X5), F(X5)] is not nilpotent, for each k > 1 there is a non-trivial
element x € v;([F(X2), F(X2)]). Moreover, as ¢ is a homomorphism it commutes
with the commutator brackets. Thus it is clear that ¢(z) € v (|G, G]). From our
assumption that G is nilpotent-by-abelian and Corollary 13, [G, G] is nilpotent.
It follows that there is a k > 1 for which v, (|G, G]) = {1}. Thus we arrive at a
contradiction: there is a non-trivial element x € F(Xs) for which ¢(z) =1. O

Theorem 9 follows straightforwardly as a corollary to Proposition 14. Indeed, recall
that [U(n,C),U(n,C)] = UT(n,C) and so, by Lemma 12, U(n, C) is nilpotent-
by-abelian. Thus the desired result follows immediately from Proposition 14.

5 Word Embeddings Into Low-Dimensional Matrix Rings

In this section discuss word embeddings into matrix rings R™*™ where R is a ring
and n is the order (sometimes size) of each matrix. Motivated by the non-existence
of an embedding from a binary free group into upper-triangular matrices, we
investigate other settings where embeddings exist or can be proven to not exist.
Recall, that Paterson’s classical embedding of pairs or binary semigroup words
into N3*3 [24] is contrasted by non-existence of an embedding into C2*2 [7]. The
next two propositions provide a summarise of the results. For the rest of the
section, we assume that Xy = {a,b} and X = {c}.

Proposition 15.

— There exists an embedding from F(X1) x F(X1) into U(2,N).
— There exists an embedding from F(Xs) x F(X) into Q2*2
— There exists an embedding from S(Xs) x F(X) into Z3*3
— There exists an embedding from F(Xs) x S(X1) into Z**2

We then turn our attention to non-existence results in similar settings using
linear algebraic properties of the matrices being mapped to.

Proposition 16. Letd € {1,2,3,7,11}.

— There is no embedding from @1 : S(X2) x F(X1) into 072
— There is no embedding from @z : F(X2) x F(Z) into O3%
— There is no embedding from @3 : F(Z2) x S(Xs) into OF?
— There is no embedding from @4 : F(X5) x S(X1) into SL(2,04)
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Proof. Let us prove the first and second claims. Proofs of the other two claims
use similar approaches that were used in [7,20]. Additional details can be found
in Appendix C.

Let X5 = {a,b} and X1 = {c}. Assume to the contrary that such an embedding
exists. Now, ¢ : S(Z2) x F(X) — 02*2 maps the generators as follows:

ai as b1 b2
@a= (22). wan (172,
1 _
(e,c) — (Cl 62), ) P — < c CQ).
C3 Cq c1Cq4 — CoC3 \—C3 C1

The last mapping implies that ¢ics — coc3 € O as those are the only elements
whose inverse is in Oy4. Furthermore, we have the following relations:

)(b,€)) # ¢((b;€)(a,€))

)(;¢)) = ¢((e, ¢)(a,€)) 3)
((b7 e)(e,¢)) = ¢((e,¢)(b€)).

(a,)(

Let us consider products ¢((a,€)(g,¢)) and ¢((g, ¢)(a,e)):

(b, e

¢((a,€)(e, ) (4)

_ (aici +ascp aser + agcy
o((e,c)(a,e)) = (a103 + azcy ascs + a4C4> . ?

a1c1 + az2c3 ai1ce + azcy
a3C1 t+ a4C3 asce + a4cy

In order to derive a contradiction, let us assume first that ¢ = 0. Now, the
top-right corner elements in ¢((a,¢)(e,¢)) and ¢((€, ¢)(a,€)) are azcqs and agey,
respectively. Because the two matrices are equal by (3), we observe that ¢; = ¢4.
It follows that the bottom-left corner elements are asc; + ascs and aqcs + asey.
Again, due to the relation in (3), a; = a4. By the same logic b; = by follows from
the relation ¢((b,€)(e, ¢)) = @((g,¢)(b, €)).

Now, the bottom-right corner elements in (4) and (5) are a;c¢; and ascs +ajc;.
Recall that these are equal, which implies that either as = 0 (and analogously

bo = 0) or cg = 0. In the latter case, ¢(e,c) = (G Col) and p(e,c7!) = (G 601 )-
1

This implies that ¢; € O. Recall that all elements of each O are given in
Lemma 18. It is straightforward to see that (e, c)* = Idy for some k, which
contradicts the fact that ¢ is an embedding. As an example, consider d = 3 and
the unit w = 1 + @ In this case, (e,¢)8 = (¢ 8)6 = Idy. That is, c3 # 0 and
we now assume that as = 0 and by = 0. However, if we consider ¢((a,e)(b,¢))

and ¢((b,€)(a,¢€)), we observe that they commute. Indeed,

o a1b1 0 o a1b1 0
(@900 = (0 ab ) PO = (5

Analogously, we can show that matrices, p((a, £)(b,£)) and ¢((b,¢)(a,£)) commute
if we assume that ¢z = 0 instead of our assumption on ¢z in (4) and (5).
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Observe that in equations (4) and (5), the top-left corner elements are equal
if and only if ascs = agca. We have shown that both ¢o and ¢z are non-zero. We
observe that as and a3 (and by and bs) are also non-zero. Indeed, if one is then
both are, and furthermore

ellac)e) = (B 02) . el = (o) o) o

asbs asby a1bs asby
_ [ai1c1 a1c2 _ [a1€1 a4C2
v((a,e)(e,c) = (a403 a4(34) ) ¢((e,¢)(a,€)) = (ach a4c4) .

By relations (3), the two matrices on the first line should be different while the
two matrices on the second line should be the same. For the first two matrices
to be unequal, a; # a4 has to hold, but for the last two matrices to be equal
a1 = a4 has to hold.

We finally observe that the top-left corners of the products imply that ascs =
a3C2, bacg = bgco and agbs # azbs. As ag, as, b, bz, co and c3 are all non-zero, we

have Z—g = % = Z—i which contradicts the inequality asbs # asbs.
The second claim follows directly: if there is no embedding from a semigroup
alphabet, then there is also no embedding from a group alphabet. a

Remark 1 In the proof of Proposition 16, we use the fact that the unit group
Oy is finite. Mutatis Mutandis, the same non-existence results hold for any
integer ring with finite unit group. By Dirichlet’s unit theorem (cf. [23, Chapter
1, Theorem 7.4]), a number field K has only finitely many unit integers if and
only if K = Q or K = Q(v/—d) for square-free d > 1. Thus the non-existence
statements in Proposition 16 for embeddings into C’)?IX2 with d € {1,2,3,7,11}
also hold for the codomains Z2*? and (93X2 for square-free d > 1.

6 Conclusion and Future Directions

In Section 3, we presented the first step towards showing the decidability of the
identity problem for matrices over SL(2, O,4). Indeed, in [2], the word represen-
tation algorithm for SL(2,Z) was used to construct finite petal graphs where
an existence of a short path can be checked in NP. The construction utilised a
complete, confluent and monadic term rewriting system for the generators of
SL(2,Z). No such system is known for Bianchi groups. One can obtain either a
confluent or a monadic rewriting system, but this is not sufficient for the con-
struction as the finiteness of the petal graph is no longer guaranteed. A pertinent
question is whether there exists a confluent and monadic rewriting system for
SL(2,0,) or whether one can ensure that the resulting petal graph is finite.

In Sections 4 and 5, we considered various matrix semigroups and showed that
there is no way to embed pairs of words over different alphabets. It is interesting
to ask, how narrow is the boundary between existence and non-existence? In
particular, when considering K™*™, what is the smallest n and the largest K such
that the embedding no longer exists. It is also worth noting that we considered
embeddings of pairs of words. One can extend the problem to the k-fold products,
i.e., S(X)* and F(X)*; see [6].
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where

_{\/—7 if —d=2,3 (mod 4), and
o (1+vV=d)/2 if —d=1 (mod 4).

Let 2 + yw € Oy be an integer in Q(v/d), then

z? +y%d if —d=2,3 (mod 4),

N(x +yw) =
(@ +yw) {m2+:cy+y2(1j;d) if ~d=1 (mod 4).

Lemma 18. Suppose that d € N is square-free. Then the group of units O in
the ring of imaginary quadratic integers Oq is finite. Further,

{1, +i} if d=1,
O = { (41,4543 21753} i a-3,
{£1} if d=27,11.
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Recall the classical Euclidean algorithm for elements a,b € Z allows one to
choose ¢,r € Z such that a = ¢gb + r with |r| < |b|/2. The following definition
abstracts the contraction factor of 1/2 on the absolute value of the remainder to
the setting of algebraic integers (although we limit ourselves to quadratic integer
rings). Given a field Q(v/—d), the corresponding ring of integers Oy, and field
norm N as above, we define the Euclidean minimum [21] of Q(v/—d) by

k(d):= sup inf |N(a-0)|
acQ(v-d) PE04

The connection to the Euclidean algorithm is made clear by the equivalent
definition

k(d) = inf{k > 0 | Vo, 8 € O4\{0}, g € Oy such that N(a — qB) < kN(B)}.

Surveys on Euclidean minima in the general algebraic setting are given in [1,21].
For O, to be a Euclidean domain, it is sufficient for x(d) < 1, cf. [10, §2.3-2.4]
and [18, Chapter 8]). The minima for the Euclidean domains we discuss are given
below.

Proposition 19 (|21, Proposition 4.2]). For d and O4 as above,

1
dtl a1 and
rld) = (d4+ 1)2
W Zfd: 3,7,11

The minima for the five Euclidean imaginary quadratic integer rings are given in
Table 2.

d |basis element w|r(d) 173@@ {r€04:N(z) < ﬁw)}

1 i 11 2 |{0,+1,+i}

2 V-2 3 4 0,41, £y/-2, -1+ v/-2,14+/-2}

3| 1443 3| 3 [{0,%1, tw, tw}

7| 14T 21 T H0,+1, tw, tw}

1 140 12 1L 41 49 40, 1+ w, 1+ w,+(w—2)}

Table 2. Data for the integer rings O4 relevant to the Euclidean Bianchi groups
PSL(2, Oq).

B Word Representation Procedure for the Euclidean
Bianchi Groups

Recall the main result in Section 3.
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Theorem 4. There is a procedure that, given an element M in a Fuclidean
Bianchi group PSL(2,Oy), outputs a word representation for M of the form

(LETPOU %) ATPRU% ATPR=1 %1 ... AT U if d € {1,3}, and
(TPOU%©)ATPRU ™ ATPE-1U% 1 ... ATPUT if d € {2,7,11}.

Let || M| == maxi<; j<2 |M;;|*. Here e € {0,1,2}, the exponent pairs pe,qe € Z
each satisfy |pe + qul> < |M||, and k < 1 —log, 4 [[M| where r(d) is the
Euclidean minimum of Oy (see Appendix A). Moreover, this procedure runs in
time polynomial in —log,q) || M.

We previously showed that Theorem 4 holds for the Picard group PSL(2, Z[i]).
In this section, we will complete the proof of the proposition by establishing the
result for each of the remaining Euclidean Bianchi groups.

Proof (Proof of Theorem 4 for PSL(2,04) with d = 2,3,7,11). We split the
proof of Theorem 4 into two parts: the construction of the word representation
and the polynomial runtime.

Construction of the word representation. Suppose that M = (3? €

PSL(2,0y). Our first step is to construct an element H € PSL(2,O,) such that
MH is upper-triangular. In the case that v = 0, we choose H = Id,.
We continue under the assumption that v # 0. We claim that there is an

Hy € PSL(2,0,) such that MH, = (:11 g;) where N(y1) < N(y). (Here N

is the field norm on Q(v/—d).) Since O, equipped with the field norm N is
a Euclidean domain, we can write § = —6#;v + v with 6,71 € Oy such that
N(m1) = N(61v+9) < N(v). Let us write 0; = —p1 — quw € Oy in terms of the
integral basis {1,w}, then

—p1 —aq1
pirr—aa (@B (11 lw 0-1
MT U A(fyé)(Ol 01 10
_(aba+ B\ (0-1\ [(ba+B8—-a\ (o1
S \ybiy+6)\1 0)  \Ov+d —) T \mh/)
The constructed element Hy := U P'T~% A has the required property that
N(m) < N().

We loop the above construction in order to generate a sequence of matrices of
the form M H;y --- Hy. Let 7, be the bottom-left entry of the matrix M H; --- Hy.
We repeat this loop until we reach a matrix M H; - - - Hy, that satisfies the condition
Yk = 0.

The following observations guarantee that the above loop both terminates and
does so correctly. First, N(v,) = |v|* € Z>¢ for each ¢ since v, € Oq4. Second,
the sequence of these norms is strictly decreasing (and so N(vp41) < N(ye) — 1
for 1 < ¢ <k —1). Hence there exists k € N such that N(y;) = 0, from which

we deduce that v, = 0. Thus we have constructed an element Hy --- Hy = H €
PSL(2, O4) such that M H is upper-triangular. This ends our first step, which has
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reduced the representation problem to that of representing an upper-triangular
element.
For our second step, consider

_ (o Br\ _. (po
MH = (O (5k> - <0’7’>
with p,o,7 € Og. Since 1 = det(MH) = pr, we deduce that p,7 € O] and,

moreover, 7 = 7! = p. The remainder of this step is broken into two cases that
depend on the group of units O (see Lemma 18).

— Suppose that d = 3. Then for any p € O = {+1, 4w, +w?} where w =

—% + @, we pick 7 = p. From the possible pairings, we deduce that

w? 0\ (1o w? 0\ (TN (1w\" porrao
MH_<Ow 01) \0w 01 01 = LU
where € € {0,1,2} and ¢/ = py + gow € Z[w] = O3 is an associate of o.

— Suppose that d € {2,7,11}. Then O = {£1}. In this case, our only options
are p =7 = +1. Thus

10’ 11\ /1 W\ % IS
MH_(01>_<01> (01) =Tou®

where +0 = o’ = pg + qow € O4.

Thus ends the second step.

Taken together, the two preceding construct representations for elements H
and TPoU% (or LETPoU%) for which M = TPrU® H=! (or M = LTPoU% H~1).
Using the above products, we can output a word representation of the desired
form for a given M.

Polynomial runtime. We shall employ the same notations || - || for the
matrix norm and M, for matrix products as before. Recall that x(d) is the
Euclidean minima on Q(v/—d) (see Proposition 19 and Table 2). For ¢ < k,
repeated application of the Euclidean minima gives

1< yel* = N(ve) < 6(d)N(ye-1) < 6(d)*N(yp-2) < -+
< w(d)IN(n) < K(d)'N(7) = K(d) ]]* = w(d)*| M].

Taking logarithms, we find the upper bound —log, g [|M| > ¢. Arguing the
contrapositive, we obtain the upper bound —log,4) M| +1 > k on termination
of the first step.

The determinant condition on M, tells us that

apdy — Beve = — (01 + Be—1)ve—1 + (Oeve—1 + 6o—1)ap—1
= —(Opap—1 + Br-1)ye—1 + o1 = 1.
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For ¢ — 1 < k, we have that ’y[jl is well-defined and so

-1
N(ae) = N(Opeu—1 + Be) = N(Wiéll)

N(W@)N(agfl) + 1
N(ve-1) N(ve-1)

Here the rightmost inequality follows from the Euclidean division —d,_ 1 =
0¢ye—1 + e, which gives the bound N () < k(d)N(ve—1)-

< k(d)N(ape—1) +1. (6)

Claim 20. For each d € {2,3,7,11}, there are no matrices My_1 and M, (as
above) for which | My| > ||M||¢-1.

The proof of Claim 20 is given in Appendix B.1. All that remains is to bound
the sizes of the integer exponents in the word representation. For £ < k, we give

the following bounds on the quotients 0, :== —py — quw,
do—1+
pe + qewl|* = N(6,) = N<M>
Ye—-1
N
< N-0) + 2 < My + w(d) < [[M] + #(d)
N(ve-1)

Since N(0y), |M|| € Z, we have N(6;) < |[M||, as desired. Observe that the
rightmost inequality follows from Claim 20. We consider the matrix M H in order
to bound |pg + gow|?. Once again, it is clear that

lpo + qow|® = |o]? < | nax (MH); | = || M| < || M]|
<i,j<2

The above observations bound the number of iterations in the initial looping
procedure as well as the sizes of the exponents in the word representation. Taken
together, with standard results on the division algorithm leads us to the stated
polynomial runtime. a

B.1 Proof of Claim 20

In this section, we shall prove the pending cases for Claim 20. We take this op-
portunity to sketch a proof outline. For each d = 2,3, 7, 11, consider ordered pairs

of matrices (M, M') in PSL(2,0,) given by M = (:‘ f) and M’ = (‘Z{’;g :3)

(as in (1)) where —6,7 € Oy are the quotient and remainder in § = —0 - v+ r,
respectively. We need to show that each such pair (M, M’) satisfies || M| < ||M’]|.
The proof proceeds by contradiction, any such pair (M, M') requires that

1

M| = MgP< ———
[[M]] rna_X2| il =1 k(d)

1<i,j<

(7)

(where k(d) is the euclidean minima of Oy). Thus, to prove the claim, it is
sufficient to compute and compare the norms ||M|| and ||M’|| for all such pairs
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(M, M’). The number of matrices M that satisfy (7) is too large to deal with by
hand. Thus, with computer assistance*, we perform an exhaustive search for said
matrices and establish that |M|| > ||M’|| holds for each candidate. Thus ends
our sketch proof.

Proof (Proof of Claim 20). As in the Gaussian integer case of Theorem 4, the
matrix norm satisfies || My|| > ||M||,—1 only if |ay|? > |ay_1|>. Assume, for a
contradiction, that ||Mp|| > ||M—1] then, by (6),

[Me—a|| < [IMell = N(ae) < w(d)N(p—1) +1 < s(d)| M|l + 1,

and so we deduce that (1 — k(d))||M|l¢—1 < 1. The possible entries for a matrix
in PSL(2,0,) are listed in Table 2. Our proof continues with an exhaustive
search for pairs (My_1, My) of matrices that falsify the claim (i.e., pairs with
|Me—1]] < ||Me]]). We have implemented this search in SageMath [28]; our
code is available at [19]. A description of our search procedure is given below
(Algorithm 1).

In Algorithm 1, we employ a function QUOTIENT: Oy x Oy — Oy that
takes an ordered pair of algebraic integers and returns their quotient (in the
ring O4). SageMath does not automatically recognise that the integer rings Oy
(with d = 1,2,3,7,11) are Euclidean domains. Thus for integers a,b € Oy, the
SageMath command a.quo_rem(b) [0] will output the quotient a/b obtained
by division in the field Q(v/—d). We circumvent this problem by implementing
a straightforward search for the closest algebraic integer in O, to the quotient

a/b [19].
From our implementation and testing, we confirm that Claims 5 and 20 hold
for each d € {1,2,3,7,11}. O

C Omitted Embeddings Proofs

Proposition 15.

— There exists an embedding from F(Xy) x F(Xy) into U(2,N)
— There exists an embedding from F(X) x F(X) into Q2*2
— There exists an embedding from S(X2) x F(X4) into Z3*3
— There exists an embedding from F(Xs) x S(X) into Z>*>

Proof. Consider mappings ¢1, @2, ¢3, p4 defined as follows:
— Let 1 : S(X1) x S(X1) = U(2,N) be defined by

(20 (10
@™ \o1)° o2

— Let g : F(23) x F(X1) — Q**2 be defined by

(12 b, (10 (20
a 01)° 21)° ¢ 02)"

* Our computations were performed in SageMath [28].
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Input: d €{1,2,3,7,11}

matrices < empty list
S+ {zx€04:N(z) < ﬁw)}; > set of matrix entries (see Table 2)
for ordered tuples (¢, 8,7,9), with «, 8,7,0 € S, v # 0, and ad — vy =1 do
(M, || M]]) + ((;Y g),max{|a|2, 1812, 173, |5|2}); > matrix and its norm
0 < QUOTIENT(—4,7); > output quotient —0 € Oy
(@, B) = (0-a+ B, —a);
(7,0) < (07 +0,—7);
(N,|IN) + ((;Y f),max{|a|2, 1812, |7]2, |5|2}); > update matrix and its
norm
if ||M]| < ||N|| then
add (M, N) to matrices
end if
end for
if matrices is an empty list then
return “CLAIM HOLDS FOR MATRICES IN PSL(2, O4)”
else

return “CLAIM DOES NOT HOLD FOR THE PAIRS matrices”
end if

Algorithm 1: For d = 1, this procedure determines whether Claim 5 holds. For

d

=2,3,7,11, this procedure determines whether Claim 20 holds.
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— Let @3 : S(X) x F(X1) — Z3*3 be defined by

200 210 100
ar [010], b— [010], e (012
001 001 001

— Let ¢4 : F(X3) x S(X1) — Z**2 be defined by

(12 b, (10 (20
a 01)° 21)° ¢ 02)"

Consider first the mapping ;. The images are diagonal matrices that have two
1-by-1 blocks for counting the number of letters seen.

It is straightforward to see that mappings 2, v3 and @4 are injective mor-
phisms. Indeed, they all use well-known embeddings from the literature for the
first component. In the first and third mappings, the determinant is additionally
used to count the number of unary letters. While in the second mapping, the

block (§ %) is used to encode words over the unary alphabet. O
3 S(X1) S(X2) F(X1) F(X2)
U(2,7Z) (folklore), | C2*Z (folklore),
{e} U(2,N) (folklore) Q (folklore) 72*2 (folklore)
S(21) (P({éi’ 1\11)5) N2*2 (Prop. 15) ? 72%2 (Prop. 15)
SL(S,Q) [20]7 QZXQ7 7,3%3 )
S(22) U(3,N) [24] (Prop. 15) :
F(X1) Q (folklore) Q%2 (Prop. 15)
F(22) Z24 Q)P [4]

Table 3. The state of the art for the existence of embeddings from pairs of words into
different matrix semigroups. Entries in blue are straightforward extensions of results in
the literature.

Proposition 16. Letd € {1,2,3,7,11}.

— There is no embedding from @1 : S(Z2) x F(Xy) into O,
— There is no embedding from @a : F(Z2) x F(X1) into 0.
— There is no embedding from @3 : F(X2) x S(Xs) into O3,
— There is no embedding from @4 : F(X9) x S(X1) into SL(2,04).

Proof. We prove the final two cases. Let us first consider the third case. The
proof follows the proof of non-existence of an embedding from S(X3) x S(X2)
into SL(3,Z) found in [20]. Intuitively, the main differences in the statements are
extending the codomain with elements in Z to the codomain with elements in
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04, and moving the explicit condition on determinants of matrices to implicit
condition on the domain. Indeed, while we do not restrict ourselves to images
with determinant one, the same constraint applies to the first component since
letters have inverses and for the image matrix to have inverse, the determinant
has to be a unit. After this shift of a constraint, the proof of [20] is easily adapted
to prove our result.

Let us consider the final case. Let X5 = {a,b} and X1 = {c}. Assume to the
contrary that such an embedding exists. Now, ¢ : F(X2) x S(X1) — SL(2,0,)
maps the generators as follows:

ay az by by C1 C2
e (S0) marm (312) o (22

Without loss of generality we can assume that (gi g2 ) is in the Jordan normal

form as conjugating by invertible matrices does not affect the injectivity of a
mapping. There are three potential Jordan normal forms for 2-by-2 matrices.

Namely,
A0 Al A O
(@e)=>1ox) Loa) o Lo a)

where the first two forms are possible if the matrix has repeated eigenvalues and
the final form is when there are two distinct eigenvalues. We will rule out each
form, thus proving that the embedding does not exist. Recall that we have the
following relations:

p((a,)(e,¢)) = o((e; ¢)(a,€)) ®)

Counsider the first form, (a,e) — (6‘ 9\) As this matrix is diagonal, it com-
mutes with every matrix and in particular ¢((a,€)(b,€)) = ¢((b,€)(a,€)), which
contradicts the first relation in (8). The second form, (a,e) — (3 ), is also
straightforward. It is easy to see that matrices of this form commute only with
matrices of form (% 1). Hence, ¢(e,c) has to be of this form. But now, for
o((b,e)(e,¢)) = ¢((g,¢)(b,e)) to hold, also ¢(b,e) has to be of the same form.
This means that (b, &) — (§ 111)7 for some y and now ¢((a, €)(b,€)) = ¢((b,€)(a,€))
contradicting the first relation of (8).

Let us consider the last Jordan normal form. Assume that (a,¢) — (/\01 ;)2 ).
Consider the products ¢((a,¢)(g,c)) and ¢((g, ¢)(a,€)):

pl(a,¢)(e, ¢)) = (Awl Am)

)\203 )\2 Cq

)\161 )\262
)\103 )\204 ’

(e 0) a,c)) = (
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For these two matrices to be equal, we observe that co = ¢3 = 0. Consider then
the products ¢((b,€)(g,¢)) and ¢((g, ¢)(b,€)):

o((b,€)(e,c) = (blcl 5264)

bscy bacy

ORI R

bg Cq b4 Cq

Assume first that ¢; # c4. Now, for the equality to hold, by = b3 = 0.

However, we now violate the first relation of (8) as ¢((a,&)(b,e)) = (/\10171 Afm)

¢((b,£)(a,€)). We conclude that ¢; = ¢4 and (e,¢) — (G cll ). Recall that this
matrix is not necessarily in SL(2,Oy4) as it was conjugated by some invertible
matrix in order to turn ¢(a,e) into the Jordan normal form. However, the
determinant remains 1 and thus ¢; = +1. In either case, ¢(¢,¢)? = ¢(e, ¢) which

contradicts the assumption that ¢ was an embedding. O
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