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LECTURE 1



RESEARCH PHILOSOPHY

(X, y,2) < (1,2,-1).
while () do
X 2 00
yl<]|0 8 4
z 0 0 4
end while

N < X

x(0)=1,y(0)=2,2(0) =-1
x(n+1)=2x(n),
y(n+1) =8y(n) +4z(n),
z(n+1) =4z(n).

_». (1,2,-1)

(%, y) ~ (2x,8y + 4z,42)



WHAT IS A DECISION PROBLEM? [SIP13]
A problem where, for each valid input, the answer is either yes or no.

Decidability
A decision problem is decidable if there is a procedure, or algorithm, that
outputs the correct answer for each valid input. (Otherwise, undecidable.)

Is there life on Mars? (Is this problem decidable?) [Sip13]
no iflife will never be found on Mars.

output =
yes if life will be found on Mars someday.

Hilbert’s 10th Problem (Is this problem decidable?)

Given p € Z[x1,X2,...,Xq],istherea (y1,¥2,...,Yq) € 79 s+t.
p(yl"”,yd) =0?



WHAT IS A DECISION PROBLEM? [SIP13]
A problem where, for each valid input, the answer is either yes or no.

(Are these problems decidable?) (nice survey here: [OW15])
Given an LRS (up)p2, (over Q or Z)

Does up = 0 forsome n? SKOLEM is open.
Does up = 0 for infinitely many n? is decidable (Berstel-Mignotte)
Isup > 0foralln? PosITIvITY is open.

Is up > 0 for all but finitely many n? ULTIMATE POSITIVITY is open.

An LRS satisfies a rec. relation up = ayup—1 + -+ + agU,_ With given initial values
Ug, ..., Uk



MY FIRST LOOP SYNTHESIS PROBLEM

o 1 2 3 4 5 6
- A A S A A .

r< o0 (r,S) < (Oa l): (I’,S) <« (O, l),
while (+) do while () do while (+) do
r<r+s; (r) (1 1) (r)
r<r+1, « ;
S« S; S 0 1/\s
end while . .
end while end while

Exercise Problem (Loop Synthesis)
Given an arrangement of carrots, write a simple procedure so that a rabbit

can eat a carrot at each time-step.



MOTIVATING EXAMPLE (DYNAMICAL SYSTEM VIEWPOINT)

Input: An algebraic set

Z={(xy): (y*+xy-x*)?-1=0}
Find: A matrix-vector tuple” (M, «)

M M x
yo M M2l o [x
My Ma; [0%)

\ such that { &, Mo, M?«, ...} € Z.

\—{<x,y>:‘<y2+xy—x2\>\2—1:0} |

)

Solution: x, Mx, Max Ma Ma,...

R A A



INVARIANTS AND REACHABLE STATES

L] (]
L] v,
N / o

Polyhedrons Semialgebraic sets

/
1 /
. . el /
hd // '><\
e
A)
Intervals Affine/linear sets Algebraic sets

An invariant is a set that overapproximates the set of reachable states O, .

An algebraic set is defined by the common zeroes of a family of polynomials.




MOTIVATING EXAMPLE (LOOP SYNTHESIS VIEWPOINT)

‘Strong’ Loop Synthesis in [Ait+25] POPL’25.

Input: An algebraic set

Z={(xy): (y* +xy-x*)* - 1=0}
Find: A deterministic linear loop

X < &,
while (%) do
%—\ X < Mx;
\ end while
‘_ (06 y): (Y2 +xy-x2)2—1=0} ‘ with {o, Mo, M>cx, ...} € Z,
‘ = and {o, Mo, M?x,...} = Z.
Solution: Z is the strongest or tightest alg. invariant,

or the orbit closure.

_ (1 1) & o= (1 . Thisis a best solution wrt the Zariski topology.
10 0



LOOP SYNTHESIS & MARKOFF NUMBERS

Synthesise a loop with x? + y? + 7> — 3xyz = 0 as an invariant.

Input: Input: (x,y,z) < (1,1,2);

(% y,2) < (1,1,2); while (+) do
while (x) do X 1 0 O0)\(x
if (+) then yl<10 0 1f|ly}
-X z 0 -1 3/\z
yl<|3xy-z| end while
z -y
else
-y a, M, M, M3 M, M" x
<~ |3yz-x1|; 1 1 1 1 1
V4 4 1 ) 2 ) 5 ) 13 ) 34 5 F2n—1
2 13 34 89 F
end if n+l
end while
([BMP25] arXiv:2509.25114) Fan+1 = 3Fn-1+Fn-3=0

2 2
1+ (Fane1)” + (Fan-1)" = 3F2n41F2n-1 =0



ORDERED MARKOFF TRIPLES

(1,1,1)

(1,13,34)

(1,34,89)

{x,y,z¢ Zio X y2 +22 - 3xyz =0and x < y < z}. cf. Cassels. An introduction to Diophantine approximation, 1957



LOOP SYNTHESIS & MARKOFF NUMBERS

Synthesise a loop with x? + y? + 7> — 3xyz = 0 as an invariant.

Input:
(*,y,2) < (1,1,2);
while (x) do
if (x) then

else

z 4

end if
end while

([BMP25] arXiv:2509.25114)

Input: (x,y,z) < (1,1,2);

while (x) do
X 1 0 O
yl<10 0 1f|ly}
z 0 -1 3)\z
end while

Are there ‘better’ (or ‘best’) loops?
(for examples such as X+ y2 s A= 3xyz = 0)

What about general poly invariants?
(e.g., when does a linear loop exist?)



HOW HARD IS LOOP SYNTHESIS?

Lemma (Ait El Manssour et al. POPL’25)
Loop Synthesis over {Z,Q} is as hard as Hilbert’s 10th problem over {Z,Q}.

H10 asks to solve a system of polynomial equations over R € {Z,Q}.
H10 is undecidable over Z, whilst decidability is open over Q.

Approaches to Loop Synthesis that circumvent the hardness of H10
Solve specific cases e.g., single equations e.g., Markoff,
Quadratic [Hit+24]), PDBs [KKV23].

Restrict to a finite search area and focus on complexity [Ait+25].

Work over @ rather than {Z,Q} [Ait+26].

Proof strategy encodes an H10-instance {p1, ..., px} as the problem of finding a loop with
algebraicinvariant V(p1,...,px,P)



TERMINATION AND HALTING

Decision problems in program analysis and verification.

Does L halt on all valid inputs?
(6y)=(271,1);
while y > x do

(x)(_(? g)(x)’ < does this loop halt?
y i 3/ \V

end while

Does L halt on a given input?

Foreach (x,y) € Oy,

f* s 3 1023

X X = 1
Y 1073741824 L)

Properties that hold for all

(x,y) € Oy are (loop) invariants.

(1) = theloop guardis

true.




SKOLEM AND THE HALTING PROBLEM

Does the following loop halt?

Lo I {oy)ix=0) (X,y)<—(l,0).

whilex <0vx >0do

T

end while
Alternatively, isthereann e N
st.M'axe {(x,y):x=0}?

This hyperplane hitting problem is commonly phrased in terms of LRSs.
SKOLEM

Given an integer LRS (uy),?,, decide whether 3n e N's.t. up = 0.

inputs: characteristic polynomial and vector of initial values



POSITIVITY AND THE HALTING PROBLEM
Does the following loop halt?

(% y) = (271 1);
while y > x do

T

i.e., do we have
M'oxe{(x,y):y>x},VneN?
The ‘famous’ halfplane version is commonly phrased in terms of LRSs.

D=

PosITIvITY
Given an integer LRS (uy )2, decide whether Vn e N'sit. up > 0.

inputs: characteristic polynomial and vector of initial values
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FROM CONSTANT UPDATES TO POLYNOMIAL UPDATES

(X’ y’n) <~ (5, 1, 1);

while (*) do
N 34n° —51n* +27n -5 —(n-1)%\ [,
<« n3 n3 ;
y 1 0 y
n<n+1;
end while

Loop computes Apéry’s sequence (1,5,73,1445,33001,819005,. ..
(OEIS A005259), which satisfies
n3xp = (34n° - 51n% + 270 = 5)xp_1 - (n = 1)3x,_5.



THE LANDSCAPE OF P-FINITE SEQUENCES [KP11]
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POSITIVITY FOR SECOND-ORDER P-FINITE SEQUENCES

[Ken+] G. Kenison, O. Klurman, E. Lefaucheux, F. Luca, P. Moree, E. C. Sertoz,
J. Ouaknine, A. Whiteland, and J. Worrell. On the Positivity Problem for
second-order holonomic sequences.

[Ken+21] G. Kenison, O. Klurman, E. Lefaucheux, F. Luca, P. Moree, J. Ouaknine,
M. A. Whiteland, and J. Worrell. “On Positivity and Minimality for Second-Order
Holonomic Sequences”. In: International Symposium on Mathematical
Foundations of Computer Science, MFCS 2021. 2021, 67:1-67:15.

Many more papers (e.g., [HK25; 1S24; Ken24; KP10]) consider PosITiviTY and
related problems in the P-finite (not necessarily second-order) setting.
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POSITIVITY RECAP

PosITIvITY
Given a recursively defined seq (uy)? ,, decide whether ¥n e Ns.t. up > 0.

For LRSs (C-finite),
PosITIviTy is decidable up to order 5.

If POsITIVITY is decidable at order 6, then we can compute Lagrange
constants for a large class of transcendental numbers [OW14].

How about a different family of recursively defined sequences?



INVARIANTS ON THE RIEMANN SPHERE (ELLIPTIC TYPE)

Invariants for s(z) = k/(1 + z) with k < —1/4. Note, also invariants of the
orbit of (wp/wp_1), withwp = wy,_1 + kw,_».



INVARIANTS ON THE RIEMANN SPHERE (PARABOLIC TYPE)

Invariant for s(z) = k/(1 + z) with k = —1/4. Note also invariants of the
orbit of (wp/wp_1), withwp = wy,_1 + kw,_».



INVARIANTS ON THE RIEMANN SPHERE (HYPERBOLIC TYPE)

Invariant for s(z) = k/(1 + z) with k > —1/4. Note also invariants of the
orbit of (wp/wp_1), withwp = wy,_1 + kw,_».
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